In this paper, by the Minkovski inequality and the semigroup method we discuss the stability of mild solutions for a class of SPDEs driven by α-stable noise, and the methods are also generalized to deal with the stability of SPDEs driven by subordinated cylindrical Brownian motion and fractional Brownian motion, respectively. MSC: 60H15; 60G15
Introduction
The stability of stochastic partial differential equations (SPDEs) driven by Brownian motions or Lévy processes has been well established; see, e.g., Bao [] , to name a few, where the noise processes are assumed to be square integrable. However, such restriction clearly rules out the interesting α-stable processes since Wiener noise and Poisson-jump noise have arbitrary finite moments, while α-stable noise only has finite pth moment for p ∈ (, α) with α < . Recently, stochastic equations driven by α-stable processes, which have plenty of applications in physics due to the fact that the α-stable noise exhibits the heavy tailed phenomenon, e.g., Solomon et al. [] , receives great attention. For example, Priola and Zabczyk [] gave a proper starting point on the investigation of structural properties of SPDEs driven by an additive cylindrical stable noise, Dong et al. [] studied the ergodicity of stochastic Burgers equations driven by α/-subordinated cylindrical Brownian motion with α ∈ (, ), and Zhang [] established the Bismut-Elworthy-Li derivative formula for stochastic differential equations (SDEs) driven by α-stable noise. For finite-dimensional cases, Wang [] derived a gradient estimate for linear SDEs driven by α-stable noise, and Wang [] established the functional inequalities for Ornstein-Uhlenbeck processes driven by α-stable noise by the sharp estimates of density function for rotationally invariant symmetric α-stable Lévy processes. However, there are few papers on the asymptotic behavior of mild solution of SPDEs driven by α-stable processes. In this note, we shall discuss the stability property of mild solutions of a class of SPDEs driven by α-stable processes to close the gap. Due to the fact that α-stable noise only has finite pth moment for p ∈ (, α) and that the stochastic evolution does not admit a stochastic differential, which leads to the Itô formula being unavailable, then some new tricks need to be put forward to overcome the difficulties brought about by α-stable noise. http://www.advancesindifferenceequations.com/content/2014/1/98
This note is organized as follows: in Section  we apply the Minkovski inequality and the semigroup method to investigate the exponential stability of mild solutions for a class of SPDEs driven by α-stable processes, and these tricks are extended to cope with the stability of mild solutions of SPDEs driven by subordinated cylindrical Brownian motion and fractional Brownian motion, respectively, in Section .
Stability of SPDEs driven by α-stable noise
We firstly give an overview of stable processes. An R-valued random variable η is said to be stable with stability index α ∈ (, ), scale parameter σ ∈ (, ∞), skewness parameter β ∈ [-, ], and location parameter μ ∈ (-∞, ∞) if it has characteristic function of the form
where = tan(πα/) for α =  and = -(/π) log |u| for α = . We call η is strictly α-stable whenever μ = , and if, in addition, β = , η is said to be symmetric 
Here {e k } k≥ is an orthonormal basis of H, {Z k (t)} k≥ are independent, R-valued, normalized, symmetric α-stable Lévy processes defined on the stochastic basis ( , F , {F t } t≥ , P), and {β k } k≥ is a sequence of positive numbers. In this section, we shall consider an SPDE driven by α-stable process in H
In this section we shall assume the following. 
is locally bounded, i.e., δ  (t) is bounded on the time interval [, T] for any T > , where {β k } k≥ is the sequence appearing in (.) and {λ k } k≥ is the discrete spectrum of A. Under (A)-(A), equation (.) has a unique mild solution, see, e.g., [, Formula .], that is, there exists a predictable H-valued stochastic process X(t) such that
Next we recall the following Minkowski inequality, which plays a key role in revealing the stability property of SPDEs driven by α-stable processes.
Lemma . Let (S  , μ  ) and (S  , μ  ) be two measurable spaces and F : S  × S  → R be measurable. Then, for any q > ,
We now can state our main results in this section.
Theorem . Let (A) and (A) hold and assume further that
δ  := sup t≥ t  e λ  s γ (s) ds < ∞ (.) and δ  := sup t≥ e αλ  t ∞ k= β α k t  e -αλ k (t-s) σ α (s) ds < ∞. (  .  ) Then, for α ∈ (, ), p ∈ (, α) and L ∈ (, λ  ), there exists c  >  such that E X(t) p H ≤ c  e -p(λ  -L)t . (  .  )
That is, the solution is exponentially stable in the pth moment with the Lyapunov exponent
Proof Under (A), (A), and (.), (.) has a unique mild solution X(t). Recall the fact that
, is a norm, which will be utilized again and again. We then obtain from (.)
By (A), it is readily seen that
Next, applying Lemma . and using (A) and (A) yield
where we have also used the fact that
, is a norm. By virtue of (.) and (A), a direct calculation shows
where
Let {r k } k≥ be a Rademacher sequence defined on a new probability space ( , F , {F t } t≥ , P ), i.e., r k : → {, -} are i.i.d. with P (r k = ) = P (r k = -) = /. Recall Khintchine's inequality: for a sequence of real numbers {c k } k≥ and any q > , there exists c q >  such that
Then, by (.) and following an argument similar to that of [, Theorem .], the stochastic evolution I  (t) has the estimation
where c p >  is some constant. Substituting (.)-(.) into (.) gives
Thus, by (.) and (.), we arrive at
In view of the Gronwall inequality, In what follows, we establish an example to demonstrate that the condition (.) holds in many practical situations.
due to the increasing property of the spectrum {λ k } k≥ . If 
we have
, http://www.advancesindifferenceequations.com/content/2014/1/98
where I  (t) is defined as in (.). Then under appropriate conditions, we can also discuss the stability property of the mild solution of (.).
Remark . Due to the fact that stochastic evolution does not admit stochastic differential, we apply the semigroup method, not the Itô formula, to study the stability property of the mild solution of (.). Comparing with the current technique, we generally adopt the following procedure to discuss the exponential stability of (.): For p ∈ (, α), by the inequality
, and the Hölder inequality
Hence it follows that
Thus, carrying out a similar argument to that of Theorem ., we conclude by the previous method that the Lyapunov exponent is dependent on
and L  . However, by the technique introduced in the argument of Theorem ., we find that the Lyapunov exponent is -(λ  -L  ), which only is dependent on λ  and L  .
Extension to SPDEs driven by subordinated cylindrical Brownian motions and fractional Brownian motions
In the last section, we introduce some tricks to study the stability of mild solutions for a class of SPDEs driven by α-stable noise. In this section, following these tricks, we proceed to investigate the stability of SPDEs driven by subordinated cylindrical Brownian motion and fractional Brownian motion, respectively. To begin with, we recall some notions. For α ∈ (, ), let S(t) be an α/-stable subordinator defined on the probability space ( , F , {F t } t≥ , P), i.e., an increasing R-valued Lévy process; see, e.g., Applebaum [, pp.-] and Sato [, Chapter ], with Laplace transform
see, e.g., [, Example .., p.]. Let {W k (t), t ≥ } k∈N be a sequence of independent standard one-dimensional Brownian motion defined on the probability space ( , F , {F t } t≥ , P). The subordinated cylindrical Brownian motion on H is defined by
where S(t) is an α/-stable subordinator independent of {W k (t)} k≥ , {β k } k≥ is a sequence of real numbers, and {e k } ≥ is an orthonormal basis of H. In this section, we shall consider an SPDE driven by the subordinated cylindrical Brownian motion L(t), defined by (.), on H
with initial value X  = x, where σ : [, ∞) → R is local integrable continuous function. Let (A) and (A) hold and assume further that
is locally bounded. Then (.) admits a unique mild solution in a finite-time interval; see, e.g., [, Proposition .], that is, there exists a predictable H-valued stochastic process X(t) such that
One of our main results in this section is as follows.
Theorem . Let (A), (A), and (.) hold and assume further that
In other words, the solution is exponentially stable in the pth moment, where the Lyapunov exponent is -γ .
Proof Also by the fact that
where I  (t) and I  (t) are defined as in (.), and I  (t) is defined by
By the Gaussian formula, following an argument like that of [, Proposition .] and (.), we get
where C >  is some constant. In view of (.), (.), and (.), it follows from (.) that
Then, for arbitrary ε >  sufficiently small, one has 
for some constant c > , due to the fact that e tA is a bounded linear operator and σ is Remark . All the results in this paper can be further extended to functional SPDEs driven by α-stable noise and fractional Brownian motion, including variable delay and distributed delay, while we here omit such discussions since there are no technical problems. Furthermore, there are also some interesting problems for SPDEs driven by α-stable noise to be investigated, e.g., since (.) is non-autonomous, the mild solution is not a homogeneous Markov process, which makes the investigation of the stability in distribution of analytic solution, a weaker stability notion than exponential stability, and the corresponding numerical stability, very interesting. Such a topic will be reported in our forthcoming paper.
